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Abstract. We prove that the Hodge metric completion of the Teichmiiher space of 
polarized and marked Calabi-Yau manifolds is a complex affine manifold. We also show 
that the extended period map from the completion space is injective into the period 
domain, and that the completion space is a domain of holomorphy and admits a complete 
Kahler-Einstein metric. 
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1. Introduction 

A compact projective manifold M of complex dimension n with n > 3 is called Calabi- 
Yau in this paper, if it has a trivial canonical bundle and satisfies H^{M,Om) = for 
< i < n. A polarized and marked Calabi-Yau manifold is a triple consisting of a 
Calabi-Yau manifold M, an ample line bundle L over M, and a basis of the integral 
middle homology group modulo torsion, if„(M, Z) /Tor. 

We will denote by T the Teichmiiller space for the deformation of the complex structure 
on the polarized and marked Calabi-Yau manifold M. Actually the Teichmiiller space 
is precisely the universal cover of the smooth moduli space Zm of polarized Calabi-Yau 
manifolds with level m structure with m > 3, which is constructed by Popp, Viehweg, and 
Szendroi, for example in Section 2 of [13]. The versal family W — t- T of the polarized and 
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marked Calabi-Yau manifolds is the pull-back of the versal family — ?■ Z^, which is 
also introduced in [13]. Therefore T is a connected and simply connected smooth complex 
manifold with dimcT = /i^-^-^M) = iV, where K'-^^^iM) = dime H^'-^'^M) . 

Let D be the period domain of polarized Hodge structures of the n-th primitive coho- 
mology of M. The period map $ : T — )■ -D is defined by assigning to each point in T the 
Hodge structure of the corresponding fiber. Let us denote the period map on the smooth 
moduli space by '■ D/T, where F denotes the global monodromy group which 

acts properly and discontinuously on D. Then $ : T — )• -D is the lifting of ^z,,, ° ^m, 
where vr^ : T — ?■ Z^ is the universal covering map. There is Hodge metric h on D, 
which is a complete homogeneous metric and is studied in [4] . By local Torelli theorem of 
Calabi-Yau manifolds, both ^Zm ^ ci'^s locally injective. Thus the pull-backs of h on 
Zm and T are both well-defined Kahler metrics, and they are still called Hodge metrics. 

In this paper, one of our essential constructions is the global holomorphic affine struc- 
ture on the Teichmiiller space, which can be outlined as follows: by using the local Ku- 
ranishi deformation theory of Calabi-Yau manifolds, we construct Kuranishi coordinate 
cover on T. We then verify that the transition maps between any two local Kuranishi 
coordinate charts are holomorphic affine maps. The computation of transition maps is 
based the local Torelli theorem for Calabi-Yau manifolds and the Griffiths transversality 
for variations of Hodge structures. We point out that the construction of the holomorphic 
affine structure on the Teichmiiller space of Calabi-Yau type manifolds in [T] is similar 
to this construction. However, one may notice that such construction is algebraically 
using local Torelli Theorem for the Calabi-Yau manifolds and the Griffiths transversality, 
while the construction of holomorphic affine structure on T in [5] is analytically using the 
canonical (n, 0)-forms on the local Kuranishi family of Calabi-Yau manifolds. 

As a consequence, we get that $ is a map from T to N^dD, where iV_|_ is identified with 
its unipotent orbit in D by fixing a base point € -D with p & T. Based on this result, 
we first define a holomorphic map from T to by composing the period map with a 
projection P : — > and then show that \E' is a holomorphic affine local embedding 
with respect to the holomorphic affine structure on T. One will see the property that \E' 
is a local embedding is crucial in our further constructions. 

Let Zj^ be the Hodge metric completion of the smooth moduli space Z^ and let 7^ 
be the universal cover of Z^ with the universal covering map vr ^ : -> Z^. It IS easy 
to see that Z^ is a connected and complete smooth complex manifold, and thus is a 
connected and simply connected complete smooth complex manifold. We also obtain the 
following commutative diagram: 



(1) 



r- 



Zn 



r 



H 



D 



I'D 



z 



H 



D/T, 



where $^ is the continuous extension map of the period map : Zm D/T, i is 
the inclusion map, im is a lifting of i o vTm, and $^ is a lifting of $^ o tt^ . We prove in 
Lemma [A. II that there is a suitable choice of im and such that $ = <I>^ oi^. It is not 
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hard to see that $^ is actually a holomorphic map from to fl D, where is also 
identified with its unipotent orbit in D by fixing the base point & D with p ^ T. 

Proposition 1.1. For any m > 3, the complete complex manifold is a complex 
affine manifold, which can he embedded into C^. Moreover, the holomorphic map : 
— > n D is a injection. As a consequence, the complex manifolds and 7^ are 
biholomorphic to each other for any m,m' > 3. 

This proposition allows us to define the complete complex manifold by = 7^, 
the holomorphic map iq- '■ T ^ by ij- = im, and the extended period map $^ : 
—> D hj = <l>^ for any m > 3. By these definitions, Proposition 11.11 implies that 
is a complex affine manifold and that : — ?• iV_|_ flD is a holomorphic injection. 
The main result of this paper is the following. 

Theorem 1.2. The complete complex affine manifold is the completion space of T 
with respect to the Hodge metric, and it can be embedded into C^. Moreover, the extended 
period map : — t- (1 D is a holomorphic injection. 

Here we remark that one technical difficulty of our arguments is to directly prove that 
is the smooth Hodge metric completion space of T, which is to prove that is 
smooth and that the map iq- : T ^ is an embedding. 

To show the smoothness of , we need to show that the definition = does not 
depend on the choice of the level structure m. Therefore, we first have to introduce the 
smooth complete manifold . Then by realizing the fact that the image of the period 
map in D is independent of the level structure and that the metric completion space is 
unique, this independence of level structure can be reduced to show that : — )• 
N^nD is injective. To achieve this, we first define the map \E'^ : 7^ — )■ by composing 
the map $^ with the projection P as above. Then by crucially using the property that 
\E' is local embedding, we show that \E'^ is a local embedding as well. Thus we conclude 
that there exists a holomorphic affine structure on such that is a holomorphic 
affine map. Finally, the affineness of \E'^ and completeness of Tjf gives the injectivity of 
, which implies the iniectivity of 

To overcome the difficulty of showing i-j- : T ^ is embedding, we first note that 
To = Tm '■= imiT) is also well-defined. Then it is not hard to show that ir T — t- 7o 
is a covering map. Moreover, we prove that ir '■ T — >■ 7o is actually one-to-one by 
showing that the fundamental group of 7o is trivial. Here the markings of the Calabi-Yau 
manifolds and the simply connectedness of T come into play substantially. Therefore, 
we can conclude that iq- : T ^ is an embedding. It would substantially simplify 
our arguments if one can directly prove that the Hodge metric completion space of T is 
smooth without using Tm and 7^. 

As a direct corollary of this theorem, we easily deduce that the period map $ = 
o iq- : T ^ D is also injective since it is a composition of two injective maps. This is 
the global Torelli theorem for the period map from the Teichmiiller space to the period 
domain. In the case that the period domain D is Hermitian symmetric and that it has 
the same dimension as T, the above theorem implies that the extended period map is 
biholomorphic, in particular it is surjective. Moreover, we prove another important result 
as follows. 
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Theorem 1.3. The completion space is a domain of holomorphy in C^; thus there 
exists a complete Kdhler- Einstein metric on . 

To prove this theorem, we construct a plurisubharmonic exhaustion function on 
by using Proposition I5.9[ the completeness of T^, and the injectivity of This shows 
that is a domain of holomorphy in C^. The existence of the Kahler-Einstein metric 
follows directly from the well-known theorem of Cheng- Yau in [2]. 

This paper is organized as follows. In Section |2l we review the definition of the pe- 
riod domain of polarized Hodge structures and briefly describe the construction of the 
Teichmiiller space of polarized and marked Calabi-Yau manifolds, the definition of the 
period map and the Hodge metrics on the moduli space and the Teichmiiller space re- 
spectively. In Section 121 we construct a holomorphic affine structure on the Teichmiiller 
space and show that the image of the period map is in fl D. Then we define the 
map \E' from T to and show it is a holomorphic affine local embedding. In Section 
m we prove that there exists a global holomorphic affine structure on and that the 
map $^ : — )■ D is an injective map. In Section [5l we define the completion space 
and the extended period map . We then show our main result that is the 
Hodge metric completion space of T, which is also a complex affine manifold, and that 
$^ is a holomorphic injection, which extends the period map $ : T — > -D. Therefore, the 
global Torelli theorem for Calabi-Yau manifolds on the Teichmiiller space follows directly. 
Finally, we prove is a domain of holomorphy in C^, and thus it admits a complete 
Kahler-Einstein metric. In the appendix, we include two topological lemmas: a lemma 
shows the existence of the choices of and satisfying $ = <I>^ o i^ and a lemma that 
relates the fundamental group of the moduli space Zm to that of its completion space 
with respect to the Hodge metric. 

Acknowledgement: We would like to thank Professors Mark Green, Wilfried Schmid, 
Audrey Todorov, Veeravalli Varadarajan and Shing-Tung Yau for sharing many of their 
ideas. 

2. TEICHMULLER space AND THE PERIOD MAP OF CaLABI-YAU MANIFOLDS 

In Section 12. 1^ we recall the definition and some basic properties of the period domain. 
In Section 12. 2^ we discuss the construction of the TeichmiilUer space of Calabi-Yau man- 
ifolds based on the works of Popp [10], Viehweg [H] and Szendroi [13] on the moduli 
spaces of Calabi-Yau manifolds. In Section 12. 3[ we define the period map from the Te- 
ichmiiller space to the period domain. We remark that most of the results in this section 
are standard and can be found from the literature in the subjects. 

2.1. Period domain of polarized Hodge structures. We first review the construction 
of the period domain of polarized Hodge structures. We refer the reader to Section 3 in 
[TT] for more details. 

A pair (M, L) consisting of a Calabi-Yau manifold M of complex dimension n with 
n > 3 and an ample line bundle L over M is called a polarized Calabi-Yau manifold. By 
abuse of notation, the Chern class of L will also be denoted by L and thus L G H'^{M, Z). 
Let {71, ■ ■ ■ , 7/in} be a basis of the integral homology group modulo torsion, Hn{M, Z) /Tor 
with dim Hn{M, Z)/Tor = /i". 
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Definition 2.1. Let the pair (M, L) be a polarized Calahi-Yau manifold, we call the triple 
(M, L, {71, ■ ■ ■ , 7/in}) a polarized and marked Calabi-Yau manifold. 

For a polarized and marked Calabi-Yau manifold M with background smooth manifold 
X, we identify the basis of if„(M, Z)/Tor to a lattice A as in [T3]. This gives us a 
canonical identification of the middle dimensional de Rahm cohomology of M to that of 
the background manifold X, that is, 

where the coefficient ring can be Q, M or C. Since the polarization L is an integer class, 
it defines a map 

We denote by Hp^{X) = ker(L) the primitive cohomology groups where, the coefficient 
ring can also be Q, M or C. We let H^f'-''{M) = i7'='"-^(M) n H^^{M, C) and denote its 
dimension by h^'^~^. We have the Hodge decomposition 

(2) H;XM, C) = H;;\M) © ■ ■ ■ © i/p°;"(M). 

It is easy to see that for a polarized Calabi-Yau manifold, since H'^{M, Om) = 0, we have 
The Poincare bilinear form Q on H^j. {X, Q) is defined by 

n(n-l) f 

Q{u,v) = (-1) 2 u Av 
Jx 

for any d-closed n-forms u,v on X. The bilinear form Q is symmetric if n is even and 
is skew-symmetric if n is odd. Furthermore, Q is nondegenerate and can be extended to 
Hpj.{X,C) bilinearly. Moreover, it also satisfies the Hodge-Riemann relations 

(3) Q (i7j;"-'=(M), H^p^-^{M)) = unless k + I = n, and 

(4) (v^)''""g > for i; G H^r\M) \ {0}. 

Let = Yri=k ^''""N /° = ^> and = F^{M) = H^;\M) © ■ ■ ■ © H^f'-^M), from 
which we have the decreasing filtration Hp^{M, C) = -F° D ■ ■ ■ D F". We know that 

(5) dime F'' = /^ 

(6) H^riX, C) = F'^ © F^-'^+i, and if^;"-'=(M) = F'' f] F^. 

In terms of the Hodge filtration, the Hodge-Riemann relations and (jlj) are 

(7) Q (F^ = 0, and 

(8) Q{Cv,v)>0 if v^O, 

where C is the Weil operator given by Cv = (V"!)^*^ " ^ for "^^ ^ iIp;"~^(M). The period 
domain D for polarized Hodge structures with data ([3]) is the space of all such Hodge 
filtrations 

IP = {F" c ■ ■ ■ C F° = H;,{X, C) I ©, (HD and dH]) hold} . 
The compact dual D oi D is 

I) = {F" C ■ ■ ■ C F° = H^^{X, C) I © and © hold} . 
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The period domain D C Z) is an open subset. We note that the conditions and (IHl) 
imply the identities in (|6]). From the definition of period domain we naturally get the 
Hodge bundles on D by associating to each point in D the vector spaces {F^}^^^ in the 
Hodge filtration of that point. Without confusion we will also denote by the bundle 
with F'' as the fiber for each < A; < n. 

Remark 2.2. We remark the notation change for the primitive cohomology groups. As 
mentioned above that for a polarized Calabi-Yau manifold, 

H;^f{M) = H'^'^M), H;-''\M) = i7"-i'i(M). 

For the reason that we mainly consider these two types of primitive cohomology group of a 
Calabi-Yau manifold, by abuse of notation, we will simply use H^{M, C) and H^'^~^{M) 
to denote the primitive cohomology groups H^^^M, C) and Hp^"-~^{M) respectively. More- 
over, we will use cohomology to mean primitive cohomology in the rest of the paper. 

2.2. Construction of the Teichmuller space. We first recall the concept of Kuranishi 
family of compact complex manifolds. We refer to page 8-10 in [12], page 94 in or 
page 19 in [H] for equivalent definitions and more details. 

A family of compact complex manifolds vr : W — i3 is versal at a point J9 G i3 if it 
satisfies the following conditions: 

(1) If given a complex analytic family t : V — 5 of compact complex manifolds with 
a point s & S and a biholomorphic map fo '■ V = — )■ f/ = 7i~^{p), then 
there exists a holomorphic map g from a neighbourhood A/" C 5 of the point s 
to T and a holomorphic map / : ^\^f) W with L-\M) C V such that they 
satisfy that g{s) = p and = fo, with the following commutative diagram 

L TT 

(2) For all g satisfying the above condition, the tangent map {dg)s is uniquely deter- 
mined. 

If a family vr : W — ?■ i3 is versal at every point p & B, then it is a versal family on B. 
If a complex analytic family satisfies the above condition (1), then the family is called 
complete at p. If a complex analytic family tt : W — )■ i3 of compact complex manifolds is 
complete at each point of B and versal at the point p & B, then the family tt : W — t- i3 
is called the Kuranishi family of the complex manifold V = TT~^{p). The base space B is 
called the Kuranishi space. If the family is complete at each point in a neighbourhood of 
p & B and versal at p, then the family is called a local Kuranishi family at p G i3. 

Let (M, L) be a polarized Calabi-Yau manifold. We call a basis of the quotient space 
{Hn{M, Z) /Tot) /m{Hn{M, Z) /Tor) a level m structure on the polarized Calabi-Yau man- 
ifold with m > 3. For deformation of polarized Calabi-Yau manifold with level m struc- 
ture, we have the following theorem, which is a reformulation of Theorem 2.2 in [13j. We 
just take the statement we need in this paper. One can also look at |T0] and [H] for more 
details about the construction of moduli spaces of Calabi-Yau manifolds. 
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Theorem 2.3. Let m > 3 and M be a polarized Calahi-Yau manifold with level m 
structure. Then there exists a connected quasi-projective complex manifold with a 
ver sal family of Calabi-Yau manifolds, 

(9) Xz^ ^ Z^, 

containing M as a fiber, and polarized by an ample line bundle Cz^ on ■ 

We define the Teichmiiller space T to be the universal cover of Zm with the covering 
map TTm : T — )■ Zm- We denote by the family ip : U ^ T the pull-back of the family ([9]) 
via the projection VTm- 

Proposition 2.4. The Teichmiiller space T is a connected and simply connected smooth 
complex manifold and the family 

(10) if-.U^r, 

which contains M as a fiber, is local Kuranishi at each point of T . 

Proof. For the first part, because Zm is a connected and smooth complex manifold, its 
universal cover T is thus a connected and simply connected smooth complex manifold. 
For the second part, we know that the family ([9]) is a versal family at each point of Z^, 
and that Tr^ is locally biholomorphic, therefore the pull-back family via is also versal 
at each point of T. By the definition of local Kuranishi family, we get that W — ?■ T is 
local Kuranishi at each point of T. □ 

Remark 2.5. We remark that the family (f : U ^ T being local Kuranishi at each point 
is essentially due to the local Torelli theorem for Calabi-Yau manifolds. In fact, we know 
that for the family W — )■ T, the Kodaira-Spencer map 

is an isomorphism for each p E T. Then by theorems in page 9 of [12], we conclude that 
U ^ T is versal at each p E T. We refer the reader to Chapter 4 in [8] for more details 
about deformation of complex structures and the Kodaira-Spencer map. In particular, 
by Lemma [3^ in the next section, it is easy to see that dime 7" = dime H^~^'^{Mp) = N. 

We also remark that the Teichmiiller space T does not depend on the choice of m. 
In fact, let mi and m2 be two different integers, and Wi — )■ 7i, W2 — )■ 72 be two versal 
families constructed via level rui and level m2 structures respectively as above, and both 
of which contain M as a fiber. By using the fact that 7i and 72 are simply connected and 
the definition of versal family, we have a biholomorphic map / : 71—7-72, such that the 
versal family Wi — )■ 7i is the pull back of the versal family W2 — ^ 72 by /. Thus these two 
families are biholomorphic to each other. 

In the rest of the paper, we will simply use "level m structure" to mean "level m 
structure with m > 3" . 

2.3. The period map and the Hodge metric on the Teichmiiller space. For any 

point p G T, let Mp be the fiber of family if : W — ?■ T, which is a polarized and marked 
Calabi-Yau manifold. Since the Teichmiiller space is simply connected and we have 
fixed the basis of the middle homology group modulo torsions, we identify the basis of 
Hn{M,'Z)/ToT to a lattice A as in [13]. This gives us a canonical identification of the 
middle dimensional cohomology of M to that of the background manifold X, that is. 
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H'^i^MX) - //"(X,C). Therefore, we can use this to identify H'^{Mp, C) for all fibers 
on T. Thus we get a canonical trivial bundle H^{Mp, C) x T. 

The period map from T to D is defined by assigning each point p ^ T the Hodge 
structure on Mp, that is 

<!>: T^D, = {F"(Mp) C ■ ■ ■ C F\Mp)} 

We denote F^{Mp) by for simplicity. 

The period map has several good properties, and we refer the reader to Chapter 10 
in [15] for details. Among them, one of the most important is the following Griffiths 
transversality: the period map $ is a holomorphic map and its tangent map satisfies that 

n 

e Hom {F^/F^+\ F^-^/F^) , for any peT and v e T^'^'T 

k=l 

with F'^+i = 0, or equivalently, ^^{v) G 0^^^ Hom(Fp^ Fp^^-^). 

In [1], Griffiths and Schmid studied the so-called Hodge metric on the period domain 
D. We denote it by h. In particular, this Hodge metric is a complete homogeneous 
metric. Let us denote the period map on the moduli space by : — )• D/T, where 
r denotes the global monodromy group which acts properly and discontinuously on the 
period domain D. Since tt^ : T — > is the universal covering map, the period map 
$ : T — -D is the lifting of ° ^m- By local Torelli theorem for Calabi-Yau manifolds, 
we know that $2^,$ are both locally injective. Thus it follows from |3] that the pull- 
backs of h by ciiid $ on and T respectively are both well-defined Kahler metrics. 
By abuse of notation, we still call these pull-back metrics the Hodge metrics, and they 
are both denoted by h. 

3. Holomorphic affine structure on the Teichmuller space 

In Section 13. H we will give a brief review on definitions and some basic properties of 
affine manifolds and affine maps. In Section 13.21 we construct the Kuranishi coordinate 
cover on T and prove that this coordinate cover gives a global holomorphic affine structure 
on T. In Section 13. 3^ we define the map \E' from T to by composing the period map 
with a projection map. We then show that is a holomorphic affine local embedding by 
using the affine structure and simply connectedness of T as well as the local property of 
the period map 

3.1. AfRne manifolds and afRne maps. We first review the definition of complex affine 
manifolds. One may refer to page 215 of [9] for more details. 

Definition 3.1. Let M be a complex manifold of complex dimension n. If there is a 
coordinate cover {{Ui, ipi); i E 1} of M such that ipik = ipi o is a holomorphic affine 
transformation on C" whenever Ui fl Uk is not empty, then {{Ui, (pi); i E 1} is called a 
complex affine coordinate cover on M and it defines a holomorphic affine structure on M. 

A differentiable map f : M ^ M' between two holomorphic affine manifolds is called 
holomorpic affine, if / is holomorphic affine when restricted to the complex affine coor- 
dinate cover. We also recall an extension theorem of holomorphic affine maps on affine 
manifolds, which is the holomorphic analogue of Theorem 6.1 in [7]. We refer the reader 
to page 252-255 of [7] for more details. 



HODGE METRIC COMPLETION OF THE TEICHMULLER SPACE OF CALABI-YAU MANIFOLDS 9 



Theorem 3.2. Let M be a connected and simply connected complex affine manifold. Let 
M' be a complete complex affine manifold. Then any holomorphic affine map fjj on a 
connected open subset U of M to M' can be uniquely extended to a holomorphic affine 
map f on M to M' . 

Proof. Because both M and M' are complex affine manifolds, they are naturally real 
affine manifolds. The map fu is automatically a real affine map. Then Theorem 6.1 in 
[7] implies that there exists a global real affine map 

/ : M ^ M' 

which is an extension of fu on M. We know that / is real analytic on M and holomorphic 
on U, so / is globally holomorphic on M. If there is another holomorphic affine extension 
g : M ^ M' of fu, then g is holomorphic and g = f on U. This implies g = f on M. □ 

3.2. Holomorphic afRne structure on the Teichmiiller space. We know that there 
is the pull-back bundle of the Hodge bundle D on T via the period map Notice 

that as H^'^ is isomorphic as holomorphic bundles, we denote the restriction of the 
pull-back bundle on Up by H'^'^ — )■ Up. Then there exists a local holomorphic section, 

[fip] : Up with [np]{q) G for each q e Up. 

Let us choose orthonormal bases {?7o} and {rji, ■ ■ ■ ,?7Ar} of H^'^ and Hp~^'^ respectively. 
Without loss of generality we assume = ?7o- As vector spaces, if"(Mg,C) are the 

same for all q E Up. Therefore, using Pp~^'^ to denote projection 

n 

(11) P;-^'^- : H;-'''' ^ H;-^'^, for any < j < n, 

k=0 

we then have the decomposition of the holomorphic section [fip](g) for any q G Up, and 

P^'%[np]{q)) = ao{q)vo, P;-^'^([^^p](g)) = a^{q)rj, + ■■■ + aj,iq)r]^, 

with holomorphic coefficient functions {aj(g)}^Q. We may assume ao{q) ^ for any 
q E Up on a small enough neighborhood Up since oq is a continuous function with ao(p) = 1. 
This gives us a collection of local holomorphic functions on Up as follows, 

(12) n: Up-^ C, Ti{q) = ai{q)/ao{q), for 1 < i < N. 

In particular, Ti{p) = for 1 < i < N. In order to show that (ti, ■ ■ ■ , Tjy) gives a local 
holomorphic coordinate system, we first show the following two lemmas. 

Let us denote by (Mp, L) the corresponding polarized and marked Calabi-Yau manifold 
as the fiber over p E T. Yau's solution of the Calabi conjecture implies that there exists 
a unique Calabi-Yau metric hp on Mp, and the imaginary part Up =lm hp G L is the 
corresponding Kahler form. We denote by A"'^ (M, T^'^M) the space of T^'°M- valued 
smooth (0, l)-forms, H^'^{M, T^'^M) the space of harmonic (0, l)-forms with values in a 
holomorphic tangent bundle T^'^M, and yl"~^'^(M) the space of smooth [n — 1, l)-forms 
on M. By using the Calabi-Yau metric we have the following lemma. 

Lemma 3.3. Let Qp be a nowhere vanishing holomorphic {n,0)-form on Mp such that 

(13) (^^^ {-i)'^npAUp = u;. 
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Then the map l : A^'^ (M, T^'°M) — > A'^~^'^{M) given by L{ip) = ipjQp is an isometry with 
respect to the natural Hermitian inner product on both spaces induced by ujp. Furthermore, 
L preserves the Hodge decomposition. 

Recall that we can always pick local coordinates zi, - ■ ■ ,Zn on M such that the (n, 0)- 
form fip = dzi A • ■ ■ A dzn locally and Up = ^^^^g^jdzi A dzj, then the condition ( 1T5]) implies 
that det[(7jj] = 1. Then the lemma follows from direct computations. 

Let us denote the following projection map for any point p G T, 

n-l 

: Hom(F;/F;+\ F^^'Vi?) ^ Hom(F^7F^+\ F^-'/F^), for any < j < n 

k=l 

where Fp~^^ = 0. We then have the following lemma. 

Lemma 3.4. For any p G T and any generator [Qp] of F^, the map 

P; o : Tl^^T = H^^\Mp,T^^^Mp) Hom{F; , F^-^ / F^) = H;-''' 
is an isomorphism, where is the tangent map of^. 

Proof. The first isomorphism T^'^T = H^'^{Mp, T^'^Mp) follows from that Kodaira-Spencer 
map is an isomorphism. The second isomorphism 



}iom{F;,F;-'/F;) = H;-''' 



follows from the property that dimFp = 1 for Calabi-Yau manifolds, where this iso- 
morphism is determined by the choice of the generator [Qp]. It is clear now that the 
map 

P; o : H'>'\Mp,T''''Mp) ^ H;-'^' 

is given by contraction P^ o ) = )ji7p]. This contraction map is an isomorphism 
by Lemma 13. 3[ □ 

Lemma 3.5. The holomorphic map (ri, ■ ■ ■ , ttv) : Up — )■ is a local embedding. 

Proof. The proof follows directly from Lemma 13. 4[ which states that the map 

p; o : Tp^'O^ 

is an isomorphism. Letting {ti,--- ,tAr} be an arbitrary local holomorphic coordinate 
system around p, then the Jacobian matrix [dai/ dtj\ - is nonsingular at p. This means 
that {ai, • • • , ajv} gives a local holomorphic coordinate system around p. Since Xj = fli/ao, 
we have 

St = (t^o - if «.) K for any l<i<N. 

As ao(p) = 1, and ai{p) = for i > 0, we have ^{p) = ^(p)- Thus the Jacobian matrix 
[dTi/dtj]fj^f^ is nonsingular at p. This proves that the map (ti, ■ ■ ■ , tn) '■ Up — )■ is a 
local embedding. Therefore (ri, ■ ■ ■ , r^) also gives a local holomorphic coordinate system 
around p. □ 
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In general, for any point g G T, by choosing bases of H^'^ and ifg"^'^, we can define 
a local holomorphic coordinate {Uq, (cxi, ■ ■ ■ ,aN)) around q in the same way. Thus the 
collection {(f/q, (ai, ■ ■ ■ , ajy)), q G T} forms a holomorphic coordinate system on T, which 
we call the Kuranishi coordinate cover over T. The local holomorphic coordinate system 
(Uq, ((Ti, ■ ■ • , cn)) a local Kuranishi coordinate chart around q. 

For any p G T, by using the coordinate chart (f/p, (ri, ■ ■ ■ ,T]^)), we can express a 
holomorphic class in at each point g G f/p by the following Taylor expansion, 

(14) [%,r]{(l) = [np]iq)/ao{q) = rjo + n{q)vi + ■■■ + TN{q)m + 9{q), 

with g{q) G 0^=2 -^p"'^''^- "^^^^ gives us a local holomorphic section of F" on Up, and 
thus a holomorphic section of on Up, 

We call [f^p ^] the local canonical section of around the point p in the local Kuranishi 
coordinate chart [Up, (ri, ■ ■ ■ , ttv)). 

Let us introduce the notion of an adapted basis for the given Hodge decomposition. 
For any p G T and = dim Fp for any < A; < n, we call a basis 

of H"-{Mp,C) an adapted basis for the given Hodge decomposition 



i/"(Mp, c) = © h;-^'^ © ■ ■ ■ © Hl'""-^ © 



p 

k+l 



if it satisfies Hp''^~^ = Span^ j^/'^+i; " " " with dim Hp^"-'^ = - f^^ 

Moreover, unless otherwise pointed out, the matrices in this paper are mxm matrices, 
where m = /°. The blocks of the mxm matrix T is set in the following way: for each 
0<a,f3<n, the (a, /3)-th block T"''' is 

(15) T = [Tij{T)] j._c, + n + l^^^J-~a + n_l^ J-/9 + n + l < j < J-/3 + n_ ]^ 5 

where Tij is the entries of the matrix T, and f"^~^^ is defined to be zero. In particular, 
T = [T"'''] is called a block lower triangular matrix if T"'^ = whenever a < p. 

Remark 3.6. Let denote the sheaf of holomorphic fc-forms on complex manifolds for 
each < k < n, especially is the sheaf of holomorphic functions. We use H"'~^{Mq, Q^) 
to denote the (n — fc)-th sheaf cohomology group of Q'^ on the Calabi-Yau manifold Mq. 
For the local Kuranishi family : W — )■ T introduced in Proposition 12. 4[ let ^^/j- be 
the sheaf of relative holomorphic /c-forms on U. It is well-known that the push-forward 
sheaf R^~^(^^,VL^i^, which is a sheaf of free Oq— modules of finite rank with fiber at q, is 
isomorphic to H"'~^{Mq,Q^). By abuse of notation, the holomorphic vector bundle over 
T corresponding to -R"~'''v9*^w/r denoted by R^'^ip^VL^j^. 

For any point p E T, each Dolbeault cohomology group Hp''^~^ is identified with the 
sheaf cohomology group H'^~^{Mp, O!') for < /c < n, which is defined by H'^~^{Mp, Vt^) = 
R^~^ip^^Q!lil^. See Chapter 8 in [15]. Globally, on the Teichmiiller space T, we can identify 
each quotient F^ / F^^^ with R^'^Lp^Vt^jj- as holomorphic vector bundles. Therefore we 
will be able to choose local holomorphic sections {.^o, ■ ■ ■ , ^m-i} of R^~^({)^VL^ij- such that, 
when restricted to each point p, these holomorphic sections form an adapted basis of the 
Hodge decomposition of $(p). 
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Lemma 3.7. For any p,q E T, suppose (r/o, ■ ■ ■ ,Vm-i) o-nd (^q; " " " Xm-i) o^re adapted 

bases for the Hodge decompositions of the Hodge structures and respectively. 
Then there exists a nonsingular block lower triangular matrix T such that 

(Co, • • • , Cm-l) = (^70, ■ ■ ■ , Vm-i)T. 

Proof. This lemma is a direct corollary of the Griffiths transversality for the period map. 
Let {Up, (ti, ■ ■ ■ , Tat)) be the local Kuranishi coordinate chart around the point p. We use 
the same notation for a point t E Up and its coordinate in the coordinate chart. 

We first consider the case when q G Up. As Up is contractible, the holomorphic Hodge 
bundles ^ i?V*^^w/r' F^'-^/F"' = i?V*^w7|, ' ' ' ' " R'^V*%/t are trivial 

bundles on Up. Therefore for each t E Up, there exist holomorphic frames {^o(t)}, 
{^i(^), ■ ■ ■ , ^Jv(r)}, ■ ■ ■ , {^m-i(r)} of i?V*^w/r' R^V*^u~/T^ ■■■ , R''f*^u/r respectively, 
that is, 

Spanc{^j(r)}^fc+i<j<^._i = i7"-'=(M,, n'') for each < A; < n. 

According to Remark 13.61 we have the linear space isomorphism 

H"-\M^, n'') = H'^'''-^ for each < A; < n and each r G Up, 

and the evaluation {^o{t), ■ ■ ■ , ^m-i(T)) of the family at r forms an adapted basis for the 
Hodge decomposition Q^^qH^'"''^ of $(t). In particular, we can choose the family such 
that ij{p) = Tjj at p for all < j < m — L 

Now for each < /c < n, we look at the holomorphic families {0(''")}/'=+^<i</'=-i — 
H^~^{Mt-,VL^). Using the Griffiths transversality, we have 

j^ij{T) G H'''-''{M^,Q!') ® H'^'^+\Mr,9!'~^). 

More generally, by taking higher order derivatives, we get 

with / = (ii, ■ ■ ■ , zat), |/| = ii + ■ ■ ■ + ijy. Therefore, we can write 

|^e,(r)= JlMM^) for each |/| > 0, 

jfc+i<j<jfc-li-|_i 

where Jij{T) are holomorphic functions of r. Let us look at the Taylor expansion of ^j(r) 
at p. For Up small enough, we get for each f^~^^ < J < — 1 that 

|/|>0 |/|>0 \/'=+i<i</'=-l-f|-l / 

where ^i(r) G ^^-^{Mp, fi"-'^) © ■ ■ ■ © H^{Mp, fi") and /! = ■ ■ ■ i^v!. Thus, combining 
the coefficients for each E,i{p), we can write 

(16)0(r)= E Mr)Uv)= E ^..(rk, for each /'=+i<j</'=-l. 

/'=+i<i<m-l /'=+i<i<m-l 

By considering all < < f|T6l) gives us an m x m matrix J(r), such that 
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From f lT6|) . we also get that given any < a < n and < j < J"^" — 1, if 

i < — 1^ then Jijir) = 0. Recalhng the definition of matrix blocks given by f[T^ . 

we may rephrase this as follows: if < /"'~^"'"^, then J""'^ = 0. As f'^ is decreasing 

with respect to k, we then have that for a < /3, 3°"'^ = 0. Thus we conclude that J(r) is 
a block lower triangular matrix. In particular, for the point q G Up, we have 

(17) (^o(g),-- - ,^m-i{q)) = ivo,--- ,Vm-i)J{q)- 

Moreover, since (^0(^)5 ■ ■ ■ , ^m-i(Q')) and (r/o, ■ ■ ■ , Vm-i) are both bases for H"'{M, C), the 
matrix J(g) is nonsingular. As both {^oiq), ■ ■ ■ ,^rn-i{q)) and (Co, ■ ■ ■ Xm-i) are adapted 
bases of the Hodge decomposition ©^=0-^9'""^ '^^ ^{q)^ they differ from each other by a 
nonsingular block diagonal matrix A, that is, 

(18) {Co, - ■ ■ Xm-i) = {U<i)r ■ ■ ,U-i{q))A. 

Combining ([17]) and ([18]), we get (Co, ■ ■ ■ ,Cm-i) = (^?o, ■ ■ ■ ,r]m-i)J{q)A. Let T(g) = 
J{q)A. Then T{q) is a nonsingular block lower triangular matrix such that 

(Co, ■ ■ ■ , Cm-i) = iVo, ■ ■ ■ , Vm-i)T{q). 

For the general case, since T is a connected complex manifold, it is path-connected. 
Therefore, for any q E T, there exists a path 7 : [0, 1] — )■ T connecting p and g, that 
is, 7(0) = p and 7(1) = q. We choose a partition = Sq < Si < • • • < s; = 1 of [0, 1] 
so that 7(sfc+i) G ?77(sj.) with (^77(5^.^1), (r^^^^"'^\ ■ ■ ■ ,t^^^^)) a local Kuranishi coordinate 

chart for each k. Therefore for any adapted bases (^q^'', ■ ■ ■ , Cmli) and (^o'^'''"'^^ ■ ■ ■ , ^m-i^) 
and the Hodge decomposition of the Hodge decompositions of ^{'y{sk)) and $(7(sfc+i)), 
respectively, we can apply the argument above repeatedly to all < /c < / — 1 to conclude 
that there exists some nonsingular block lower triangular matrix Tk such that 

■ ■ ■ , d-l^) = ■ ■ ■ , d'li)T., for < A: < / - 1. 

In particular, we may assume (^o^'';''' ,^-1^) = (^70, ■ ■ ■ ,Vm-i) and {C,o\--- ~ 



m-l) 



i-i i-i 



(Co, ■ ■ ■ , Cm-i)- Thus we have 

(Co, ■ ■ ■ , Cm-i) = (e?\ ■ ■ ■ , eilii) = (er, ■ ■ ■ , efi) n = (^0' ■ ■ ■ ' ^-1) n ^> 

k=0 k=0 

Let T(g) = 111=0^*;' which is a product of nonsingular block lower triangular matrices. 
Therefore T{q) is a nonsingular block lower triangular matrix such that (Co, ■ ■ ■ , Cm-i) = 
(^70, ■ ■ ■ ,Vm-i)T{q). □ 

Theorem 3.8. The Kuranishi coordinate cover gives a global holomorphic affine structure 
on T . 

Proof. Let p,q E T. Let {Up, (ri, ■ ■ ■ , t^)) and {Ug, (cxi, ■ ■ ■ , o'^)) be the local Kuranishi 
coordinate charts around p and q, respectively with UpHUg 0. To prove the theorem, 
we need to show that given r E UpH Ug, the transition map between (Ti(r), ■ ■ ■ , Tj\f{r)) 
and (cri(r), ■ ■ ■ , crAr(r)) is holomorphic affine. 

Suppose {Up, (ti, ■ ■ ■ , ttv)) and {Ug, (ai, ■ ■ ■ , cn)) are defined by choosing the bases 
{r]o, ■ ■ ■ , i^at) of Hp(BHp~^'^ and (Co, ■ ■ ■ , Ca^) of Hg^HJI''^^'^ respectively. We then complete 
them to adapted bases {rjo, ■ ■ ■ ,rjm-i) and (Co, ■ ■ ■ ,Cm-i) for the Hodge decompositions 
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of the Hodge structures and $(g) respectively. Let [f^p T-](r) G be the local 
canonical (n, 0)-class defined by ffn|) in the local coordinate chart {Up, (ri, ■ ■ ■ , tj^)). Then 

N 

i=l «>Af+l 

Similarly, letting € -f/"'*^ be the local canonical (n, 0) class in the local coordinate 

chart {Ug, (di, ■ ■ ■ , (Jn)), we have 

N 

i=l 1>N+1 

Since [fip,^](r), [fiq,J(r) G with dimH^'^ = 1, there exists A G C such that 

(19) r7o + J]r,(r)r7,+ J] ^^(^(r))^^, = A Co + ^x,(r)0 + J] • 

j=l Z>Ar+l \ i=l 1>N+1 J 

On the other hand, by Lemma ISTf there exists a nonsingular block lower triangular matrix 
T such that 

(20) (Co, ■ ■ ■ , Cm-l) = iVO, • • • , Vm-l)T. 

We can write ( 120|) explicitly as follows, 

Cj = T,jr]i for each < j < - I and for each < A; < n. 

Substituting Q in (fT9!) by using (120!) . then we get 

1=1 1>N+1 

\j>0 i=l \ j>l / 1>N+1 \ j>Af+l 

By considering the coefficient of rjQ, we get A = Tqq^. Projecting both sides of the above 
equation to H";~^'^, we get 



N ( ^ ( ^ \ \ 

1=1 \i>i \ j=i J J 



By considering the coefficient of each r/j, and substituting A = Tqq^, we get 

N 

(21) Toor,(r) = Tio + 5^a,(r)T,„ for any l<i<N. 

i=i 

Since for each < i,j < N, Tij is a constant depending only on p and q, the equality 
f l?I]) implies that the transition map between (ri(r), ■ ■ ■ , TN{r)) and (cri(r), ■ ■ ■ , criv(?")) is 
a holomorphic affine map. □ 
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Remark 3.9. We can not expect the existence of such holomorphic affine structure on the 
moduh space Z^. In fact, we crucially used Lemma [3.71 in the computation of transition 
maps in the proof of Theorem 13.81 Let (Co, ■ ■ ■ Cm-i) and (r^o, ■ ■ ■ , Vm-i) be adapted bases 
for Hodge decomposition of and ^{p'), respectively, which are both bases of the same 
trivialized space H"'{M, C). Then we can relate them by (Co, ■ ■ ■ Cm-i) = {vo, ■ ■ ■ , Vm-i)T 
using a nonsingular block lower triangular matrix T as was proved in Lemma 13171 However, 
for any q,q' G Z^, the corresponding Hodge decompositions of ^z^il) and ^Zmil') are 
both in D/T. In this case, we don't have the concepts adapted bases for the Hodge 
decomposition of ^^{M^ C), as elements in D/T can no longer be identified with Hodge 
decompositions of H"-{M, C). Thus, we have neither the concept of adapted bases nor the 
trivialization of space if"(M, C). Therefore, our construction of the holomorphic affine 
structure on T dose not apply to Z^- 

3.3. The local embedding \I' on the Teichmiiller space. In this section, we first 
give a general review about Hodge structures and period domain from Lie group point 
of view. One may refer to [llj for more details. In particular, we describe in detail the 
identification of the unipotent group with its unipotent orbit in D. 

The orthogonal group of the bilinear form Q in the definition of Hodge structure is 
a linear algebraic group, defined over Q. Let us simply denote Hq = H"-{M,C) and 
i^K = H"-{M,M). The group of the C-rational points is 

Gc = {g ^ GL{Hc)\ Q{gu,gv) = Q{u,v) for all u,v e He}, 

which acts on D transitively. The group of real points in Gc is 

Gr = {g e GL{H]s.)\ Q{gu,gv) = Q{u,v) for all u,v e H^}, 

which acts transitively on D as well. 

Consider the period map $ : T ^ D. Fix a point p E T, with the image o := $(p) = 
{Fp C ■ ■ ■ C Fp} G D. The points p G T and o E D may be referred as the base points 
or the reference points. A linear transformation g G Gc preserves the base point if and 
only if gFp = F^ for each k. Thus it gives the identification 

D ~ Gc/B, with B = {ge Gc\ gF^ = F^, for any k). 

Similarly, one obtains an analogous identification 

D ~ G^/V ^ D, with \/ = Gm n 5, 

where the embedding corresponds to the inclusion Gr/V = Gr/Gr H B C Gc/B. The 
Lie algebra g of the complex Lie group Gc can be described as 

Q = {X E End(i/c)| QiXu,v) + Q{u,Xv) = 0, for all u,v E He}. 

It is a simple complex Lie algebra, which contains go = {X E g| XH^ C ifjg} as a real 
form, i.e. g = go © ^go- With the inclusion G^ C Gc, go becomes Lie algebra of Gr. One 
observes that the reference Hodge structure {-f^p'"~'^}fc=o of if"(M, C) induces a Hodge 
structure of weight zero on End(if"'(M, C)), namely, 

g = 0g^'-^ with g^'-'^ = {X E glXij;'""'' C ^r+fc,n-r-/c|_ 

fcez 
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Since the Lie algebra b of S consists of those X e Q that preserves the reference Hodge 
filtration {F^ C • • • C F°}, one thus has 

fe>0 

The Lie algebra \3 oiV is t> — QoDb = QoDhnb = Qq^ 0°'°- With the above isomorphisms, 
the holomorphic tangent space of D at the base point is naturally isomorphic to g/b. 

Let us consider the nilpotent Lie subalgebra n_|_ := ©a:>i0~'^'''- Then one gets the 
holomorphic isomorphism g/b = n+. We take the unipotent group iV_|_ = exp(n+). 

As Ad{g){Q''~'') is in 0j>fcg*'~"' for each g e B, the sub-Lie algebra b © 0~^'^/b C g/b 
defines an Ad(i?)-invariant subspacc. By left translation via Gq, b © 0~^'^/b gives rise 
to a Gc-iiivariant holomorphic subbundle of the holomorphic tangent bundle at the base 
point. It will be denoted by TJ'^Z), and will be referred to as the holomorphic horizontal 
tangent bundle at the base point. One can check that this construction does not depend 
on the choice of the base point. The horizontal tangent subbundle at the base point o, 
restricted to D, determines a subbundle T^'^D of the holomorphic tangent bundle T^'^D 
of D at the base point. The Gc-invariace of T^f^D implies the GiR-invariance of T^f^D. As 
another interpretation of this holomorphic horizontal bundle at the base point, one has 

n 

fe=i 

It is easy to see that the Griffiths transversality of the period map $ : T — )■ -D is equivalent 
to $4,(Tp'°T) C T^'^D for any p ^ T- Since D is an open set in D, we have the following 
relation: 

(22) T^;',D = T^;^D - b © g-^'Vb g/b = n+. 

We remark that the Lie algebras n+, arc originally defined to be subsets in q, and 
that the Lie group is defined to be a subgroup of Gc- However, by fixing a base point, 
we can identify them with their orbits in the corresponding quotient Lie algebras or Lie 
groups. For example, n+ = g/b, £|~^'^ = b © 0"^'7^> and N+ ^ N+B/B C D. 

Remark 3.10. With a fixed base point, we can identify iV+ with its unipotent orbit in D 

by dentifying an element c G with [c] = cB in D; that is, = A^+( base point ) = 
Nj^B/B C D. In particular, when the base point o is in D, we have (1 D C D. In 
the rest of the paper, the base point is always chosen to be in D; thus we can view 
f] D — base point ) fl D as a subset of D. 

Recall that we can identify a point = {F^' C F^~^ C ■ ■ ■ C F°} e D with its Hodge 
decomposition 0^^o -f^p'""*^) and thus with any fixed adapted basis of the corresponding 
Hodge decomposition. With a fixed adapted basis for the base point, we will matrix 
representations of elements in the above Lie groups and Lie algebras. Moreover, we have 
the following remark regarding the forms of matrix representation of elements in some of 
the Lie groups or Lie algebras mentioned above. 

Remark 3.11. If we fix an adapted basis for the Hodge decomposition of the base point, 
and we identify the following quotient Lie groups or quotient Lie algebras with their orbits, 
then we have the following descriptions of matrix representation of elements: elements in 
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V are nonsingular block diagonal matrix and elements in A^_|_ will be nonsingular block 
lower triangular matrices whose diagonal blocks are all identity submatrix. 

Let us fix a base point G D with p G T. Then can be identified with its 

unipotent orbit in D as in Remark 13.101 We also fix an adapted basis {rjQ, ■ ■ ■ j-z^m-i) ioi 
the Hodge decomposition at the base point G D. Then according to Remark 13. IH 
we can identify elements in D with its matrix representation under the fixed adapted 
basis of the base point. In particular, the base point is identified with the identity 
matrix and elements in fl D can be represented by nonsingular block lower triangular 
matrices whose diagonal blocks are all identity matrix. With these assumptions, we have 
the following lemma. 

Lemma 3.12. The image of the period map $ : T ^ D is in fl D. 

Proof. For any g G T, according to Lemma 13. 7[ there exists a nonsingular block lower 
triangular matrix T such that (r^o, ■ ■ ■?7m_i)T gives an adapted basis for the Hodge de- 
composition of Thus the matrix T represents the point G D. Let A be the 
nonsingular block diagonal matrix which consists of the diagonal blocks of T. Then TA~^ 
is a nonsingular block lower triangular matrix with identies on the diagonal blocks. Thus 
the matrix TA~^ represents an element in A^+. As A~'^ is a matrix in V and D = G]^/V, 
(?7o, ■ ■ ■ ,T]m-i)TA~^ still represents the point G D. Therefore, the matrix TA~^ rep- 
resents the point as well as a point in A^+. Thus we conclude that $(g) G A^+. □ 

Let p be the fixed base point in T, then the isomorphism B.om{Hp'^ , Hp~^'^) = H^~^'^ = 
follows from dimif^'^ = 1. We now define the following projection map 

(23) P:N+nD^ Hom(i7;'°, H^;-^'^) = H;'-^'^ = C^, 

(24) F h-> (r/i, ■ ■ ■ , r/jv)F^''°^ = F.oVi + ■■■ FnoVn, 

where F^^'^^ is the (l,0)-block of the unipotent matrix F, according to our convention 
about block matrices in (fTSjl . Based on Lemma [3.121 we can define the map: 

^ :=Po$ : r^C^. 

Therefore the map \1/ can also be describe as ^(g) = Pp~^'^{Pg'^{{riQ, ■ ■ ■ ,rim-i)TA~^)), 
for any q G T, where $(g) = (r^o, ■ ■ ■ ,rim-i)TA~^ according to Lemma [3.121 and Pp^^'^ 
and P^'° are the projections defined in (ITTl) . 

We recall that in Section 13. 2[ fixing the basis {rjo, ■ ■ ■ ,7]^) of Hp'^ © Hp~^'^ at the 
reference point p, we defined the Kuranishi coordinate map in ( fT2|) as follows: 

(n, ■ ■ ■ ,tn) : Up ^ C'^, q^ iniq), ■ ■ ■ ,^iv(g))- 

Moreover, we have the Taylor expansion of the local canonical section of Hodge bundle 
over Up as given in f lT4|) . 

i^pjiq) = [^p](?)/ao(g) =Vo + iVir-- ,VN){ri{q),- ■■ ,rN{q))^ + g{q), 

where rjo has constant coefficient 1 and g{q) G ®k=2^p~'''^- 

On the other hand, let us denote by [flp ^] (g) G iJ^ '° the first element of the adapted ba- 
sis ivo,--- ,Vm-i)TA-'\ Let us set {TA-'Y'''^ = {{TA-%oATA-%o, ■ ■ ■ , {TA-')r,oV , 
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which is the (l,0)-block of the matrix TA ^. Since all the diagonal blocks of TA ^ are 
identity submatrix, we have 

n 

(25) fy{q) = Vo + iVir ■■ ,VN){TA-~Y''^ + f{q), with f{q)e^H;-'^'\ 

k=2 

However, the fact dimif^'" = 1 implies that there exists A G C such that = 
X[Qp^^]{q). Then by comparing the coefficient of rjo in the expression of and 
we get A = 1. Thus we have 

(26) [n;j{q) = [n;^^]{q) = + (r/i, ■ ■ ■ , VN){n{q), ■ ■ ■ , r^(g))^ + g{q), 

with g{q) G ©^=2-^^"'^'^- Now by comparing the coefficients of (r^i, ■ ■ ■ ,?7Ar) in ( 125|) and 
(1261), we get that 

(27) {TA'Y''^ = iniq),...,T^iq)f. 

Let us denote the restriction map ip := ^|,7^ : Up ^ = Hom(if"'°, if'^-i'i) ^ H^~^'^. 
Then tp{q) = (rji, ■ ■ ■ ,r]]sf){TA~^Y^'^^ = Ti{q)r]i + ■ ■ ■ + T]\f{q)r]j\f. Therefore, with respect 
to the affine structure on Up given by the Kuranishi coordinate cover, the restriction map 
^ is a holomorphic affine map. In particular, the tangent map of ip at p 

(V^,)p = P; o : ^ H^'\Mp, T^'Hlp) ^ Hom(F;, F;" V^^p") = H^-^''- 

is an isomorphism, since PpO^^ is an isomorphism according to Lemma [3l3l In particular, 
{ip^:)p is nondegenerate. We now apply Theorem 13.21 to prove the following proposition. 

Proposition 3.13. The holomorphic map \E' : T — is an affine map with respect to 
the affine structure on T given by the Kuranishi coordinate cover. Moreover, the map \1/ 
is a local embedding. 

Proof. As was shown above, we have that il) : Up ^ is a holomorphic affine map with 
respect to the holomorphic affine structure on Up given by the Kuranishi coordinate cover. 
Since T is a simply connected complex affine manifold and that is a complete manifold, 
there exists a holomorphic affine extension map : T — ?■ with respect to the affine 
structure on T given by the Kuranishi coordinate cover such that '^'\u^ = ip : Up ^ C^. 
Since both \1/ and are holomorphic maps from T to C^, and they agree on the open 
set Up, they must be the same map on the whole set of T, that is, \1/ = : T — )■ C^. 
Thus we conclude that \l/ is a holomorphic affine map. 

We recall that the tangent map of the restriction : Up ^ is nondegenerate at 
p & Then the tangent map of \l/ is also nondegerate at p. Therefore, since \1/ : T — J- 
is a holomorphic affine map, the tangent map of \1/ is actually nondegenerate at any point 
of T. This shows that \I' is a local embedding. □ 

4. Hodge metric completion of the Teichmuller space with level 

structure 



In Section l^?H we introduce the Hodge metric completion of the Teichm tiller space with 
level m structure T^, which is the universal cover of , where is the completion 
space of the smooth moduli space Z^ with respect to the Hodge metric. We denote the 
lifting maps : T ^ Tf and $^ : Tf ^ D and take Tm := im{T) and := $^|r™- 
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We prove that $^ is a holomorphic map from to r\ D. In Section I4.2[ we first 
define the map from to and its restriction on the submanifold Tm- We 
then use the local embeddedness of ^ to show that \E'm is also a local embedding and 
conclude that there is a holomorphic affine structure on Tm with \E'm, natually being affine 
on Tm- Then the affineness of '^m shows that the the extension map is also a local 
embedding. We then analogously conclude the affineness of T^ and \E'^. In Section 
we prove that \E'^ is an injection and it can be embedded into by using the Hodge 
metric completeness and the global holomorphic affine structure on T^ as well as the 
affineness of . As a corollary, we show that the holomorphic map is an iniection. 

4.1. Definitions and basic properties. Recall in Section I2l2| Zm is the smooth moduli 
space of polarized Calabi-Yau manifolds with level m structure, which is introduced in 
|13] . We then defined the Teichmiiller space T to be the universal cover of Zm- 

By the work of Viehweg in [T3], we know that Zm is quasi- projective and that we 
can find a smooth projective compactification Zm such that Zm is open in Zm and the 
complement Zm\Zm is a divisor of normal crossing. Therefore, Zm is dense and open in 
Zm with the complex codimension of the complement Zm\Zm at least one. Moreover, as 
Zm a compact space, it is a complete space. 

Recall at the end of Section 12. 3[ we pointed out that there is induced Hodge metric on 
us now take Z^ to be the completion of Zm with respect to the Hodge metric. 
Then Z^ is the smallest complete space with respect to the Hodge metric that contains 
Zm- Although the compact space Zm may not be unique, the Hodge metric completion 
space Z^ is unique up to isometry. In particular, Z^ C Zm and thus the complex 
codimension of the complement Z^\Zm is at least one. Given a fixed base point p, then 
any point in Z^ that is of Hodge finite distance from p has a neighborhood U C Zm-, 
which is also at finite Hodge distance from the reference point p. As Zm\Zm is at least of 
complex codimension one in Zm and that any two points in U have finite Hodge distance, 
we have U C Z^. This implies that Z^ is an open submanifold of Zm- In particular, 
any two points in Z^ are of Hodge finite distance. We summarize the above observations 
in the following lemma. 

Lemma 4.1. The Hodge metric completion Z^ is a dense and open smooth submanifold 
in Zm and the complex codimenison of Z^\Zm is at least one. 

Remark 4.2. We recall some basic properties about metric completion space we are using 
in this paper. We know that the metric completion space of a connected space is still 
connected. Therefore, Zj^ is connected since Zm is connected. In particular, the universal 
cover T^ of the completion space Z^ , T^ is also connected. 

Suppose {X, d) is a metric space with the metric d. Then the metric completion space 
of (X, d) is unique in the following sense: if Xi and X2 are complete metric spaces that 
both contain X as a dense set, then there exists an isometry / : Xi — )■ X2 such that 
f\x is the identity map on X. Moreover, as mentioned above that the metric completion 
space X of X is the smallest complete metric space containing X in the sense that any 
other complete space that contains X as a subspace must also contains X as a subspace. 
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Moreover, suppose X is the metric completion space of the metric space (X, d). If there 
is a continuous map f : X -^Y which is a local isometry with Y a complete space, then 
there exists a continuous extension / : X — )■ F such that f\x = f ■ 

In the rest of the paper, unless otherwise pointed out, when we mention a complete 
space, the completeness is always with respect to the Hodge metric. 

Let be the universal cover of with the universal covering map vr^ : 

m m ^ m m III' 

Thus is a connected and simply connected complete smooth complex manifold with 
respect to the Hodge metric. We will call the Hodge metric completion space with 
level m structure of T. Since Z^^ is the Hodge metric completion of Z^, there exists 
the continuous extension map $^ : Z^^ — > D/T. Moreover, recall that the Teichmiiller 

ZjYi Iff' 

space T is the universal cover of the moduli space Z^ with the universal covering denoted 
by TTm '■ T — Zm- Thus we have the following commutative diagram 

(28) r^^r^'^^D 

m 

Z^ ^ Zl ^ D/T, 

where i is the inclusion map, is a lifting map of z o 77^,, t^d is the covering map and 
$^ is a lifting map of <I>^ o tt^. In particular, $^ is a continuous map from to D. 
We notice that the lifting maps i^ and are not unique, but Lemma lA.ll implies that 
there exists a suitable choice of and such that $ = o i™. We will fix the choice 
of im and such that $ = $^ o i^ in the rest of the paper. Let us denote Tm '■= imiT) 
and the restriction map = ^^\Tm- Then we also have $ = $m o im- 

Proposition 4.3. The image Tm equals to the preimage {TX^)~^{Zm)- 

Proof. Because of the commutativity of diagram ( 128|) . we have that T^^iimiT)) = iijimiT)) 
Zm- Therefore, Tm = imiX) ^ (^^)^^(^m)- Fo^' the other direction, we need to show 
that for any point q e {Ti^)~'^{Zm) C 7^, then q G im{T) = Tm- 

Let p = T^^{q) G i{Zm), Let Xi G Ti^{i^^{j>)) C T be an arbitrary point, then 



xi)) = iiTTmixi)) = p and G {tt"^) \p) C Tf . 



As T^ is a connected smooth complex manifold, T^ is path connected. Therefore, for 
im{xi),q G Tjf , there exists a curve 7 : [0, 1] — )■ 7^ with 7(0) = imi^i) and 7(1) = q. 
Then the composition vr^ o 7 gives a loop on Z^ with vr^ o 7(0) = ir^ 07(1) = P- Lemma 
IA.2I implies that there is a loop F on Zm with r(0) = r(l) = i^^{p) such that 



h o 



r] = k!o7]Gvri(Zf) 



where 7ri(Z^) denotes the fundamental group of Z^. Because T is universal cover of Zm, 
there is a unique lifting map F : [0, 1] — )■ T with F(0) = xi and vr^ o F = F. Again since 

° im = i ° TTm, WC haVC 

vrf o 2„ o F = i o 7r„ o F = i o F : [0,1]^ Z^. 
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Therefore [ti^^ oi^oT] = [ioT] G ni^Zm), and the two curves ° T and 7 have the same 
starting points im o r(0) = 7(0) = im{xi). Then the homotopy hfting property of the 
covering map imphes that im or(l) = 7(1) = Q- Therefore, q G im(J~), as needed. □ 

Since Zm is an open submanifold of and vr^ is a holomorphic covering map, the 
preimage Tm = (^,^)^^(^m) is a connected open submanifold of 7^. Furthermore, be- 
cause the complex codimension of Z^\Zm is as least one in Z^^ the complex codimension 
of T^\Tm is also as least one in . 

We recall in Remark 13. 101 that we fix a base point G -D with p G T and identify 
the affine group with its unipotent orbit m D. In the following proposition, let us 
still view in this way by fixing the base point. First, it is not hard to see that the 
restriction map is holomorphic. Indeed, we know that im '■ T ^ Tm is the lifting of 
ioTim and vr^lrm • Tn — ^ Zm is a holomorphic covering map, thus im is also holomorphic. 
Since $ = ^m°'im with both $, im holomorphic and im locally invertible, we can conclude 
that ^m '■ Tm ^ D is a. holomorphic map. Moreover, we have ^m(Tm) = ^m{im(T)) = 
$(7~) C A^^ n D as $ = 2m ° ^m- Therefore, $m is a holomorphic map from Tm to fl D. 
Then by applying the Riemann extension theorem to $m '■ Tm N^, we conclude the 
following result. 

Proposition 4.4. The map $^ is a holomorphic map from Tj^ to fl D. 

Proof. According to the above discussion, we know that the complex codimension of 
the complement T^\Tm is at least one, and $m : Tm — ^ fl D is a locally bounded 
holomorphic map. Therefore, simply applying the Riemman extension theorem to the 
holomorphic map • Tm (1 D, we conclude that there exists a holomorphic 

map : Tf N+ n D such that $^lr™ = We know that both $^ and are 
continuous maps defined on Tj^ that agree on the dense subset Tm- Therefore, they must 
agree on the whole T^, that is, $^ = $' on T^ . Therefore, is a holomorphic map 
from to N+nD. □ 

4.2. Holomorphic affine structure on the Hodge metric completion space. In 

this section, we fix the base point G -D with p E T and an adapted basis (?7o, ■ ' ' ; Vm-i) 
for the Hodge decomposition of Based on Proposition U3l we can analogously define 
the holomorphic map 

(29) = P o $^ : ^ C^, 

where P is the projection map given by (!23l) in Section 13.31 with the same the fixed base 
point $(p) G D and the fixed adapted basis (r^o, ■ ■ ■ ,rim~i) for the Hodge decomposition 
of $(p). Moreover, we also have \i> = Po$ = Po o im = \E'^ o im. Let us denote 
the restriction map "^m = "^^Wm '■ Tm in the following context. Then is the 

continuous extension of "^m and \I' = "^m ° im- By the definition of \E'^, we can easily 
conclude the following lemma. 

Lemma 4.5. If the holomorphic map is injective, then : T^ — ?■ (1 D is also 
injective. 

In the following lemma, we will crucially use the fact that the holomorphic map ^ : 
T — 7- = Hp~^'^ is a local embedding, which is based on the holomorphic affine structure 
on T. 
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Lemma 4.6. For any m > 3, the holomorphic map : T — t- is a local embedding. 
Therefore, there exists a holomorphic ajfine structure on Tm and that the holomorphic 
map is an ajfine map with respect to this holomorphic affine structure on Tm- 

Proof. Since i o = vr^ o with i : Zm the natural inclusion map and VTm, 

vr^ both universal covering maps, im is a lifting of the inclusion map. Thus im is locally 
biholomorphic. On the other hand, we showed in Proposition 13.131 that is a local 
embedding. We may choose an open cover {Ua}a(^K of %n such that for each Ua Tm, im 
is biholomorphic on Ua and thus the inverse {im)~^ is also an embedding on Ua- Obviously 
we may also assume that is an embedding on {im)~^{Ua)- In particular, the relation 
"if = "^m ° V implies that "^mluc = ^ o {im)~^\uc is also an embedding on In this way, 
we showed "^m is a local embedding on Tm- 

Let z = {zi, ■ ■ ■ , zn) be the standard linear coordinate functions on C^. Since "^m is an 
embedding on each Ua and dim 7^ = A^, the composition map (2;io\l/^, ■ ■ ■ , z^o"^^) gives 
a bijection from each Ua onto an open subset of C^. Thus this gives a local coordinate 
chart on each Ua- Therefore, we obtain a coordinate cover on Tm with trivial transition 
maps and this coordinate cover determines the desired holomorphic affine structure on Tm- 
In particular, with respect to this holomorphic affine structure on Tm, the holomorphic 
map \E'm : Tm is naturally an affine map. □ 

Lemma 4.7. The holomorphic map \E'^ : T^ — !■ = H^~^'^ is a local embedding. 

Proof. The proof uses mainly the affineness of : Tm = Hp~^'^, where p G T is 

the base point in the definition of the projection map P. By Proposition we know that 
Tm is dense and open in T^ . Thus for any point q G 7^, there exists {qk}'kLi ^ %n such 
that limk^ooQk = Q- Because "^^{q) G Hp~^'^, we can take a neighborhood W C Hp~^'^ 
of ^^(g) with W C^^(T")- 

Consider the projection map P : — > with P{F) = F^^'^^ the (1, 0) block of the 
matrix F, and the decomposition of the holomorphic tangent bundle 

Ti'°iV+= Hom(FVF'=+\F7F'+i). 

0<l<k<n 

In particular, the subtangent bundle Hom(F'^, F^~^/ F") over A^_|_ is isomorphic to the pull- 
back bundle P*[T^'^C^) of the holomorphic tangent bundle of through the projection 
P. On the other hand, the holomorphic tangent bundle of Tm is also isomorphic to the 
holomorphic bundle Hom(F'^, where F" and are pull-back bundles on 

Tm via $m from fl D. Since the holomorphic map = P o $m is a composition of 
P and $rrt, the pull-back bundle of T^'^^W through is also isomorphic to the tangent 
bundle of Tm- 

Now with the fixed adapted basis {rji, • • • , rj^}, one has a standard coordinate (-Zi, ■ ■ ■ , zjy) 
on = Hp~^'^ such that each point in C'^ = H'^~^'^ is of the form Zirji -|- • • • -|- Zi\fri]\f. 
Let us choose one special trivialization of 

rpifi^^ ^ Hom(F;, Fp""VF;) x W 

by the standard global holomorphic frame (Ai, ■ ■ ■ , A^) = {d/dzi, ■ ■ ■ , d/dz^) on T^''^W. 
Under this trivialization, we can identify T^'^W with B.om{Fp, F^~^ /F^) for any a G W . 
Then (Ai, ■ ■ ■ , A^v) are parallel sections with respect to the trivial affine connection on 
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T^'^W. Let Uq C (^f^)-i(iy) be a neighborhood of q and let f/ = f/, n T;^. Then the 
pull back sections (\E'^)*(Ai, ■ ■ ■ , Kn) : Uq — t- T^'^Ug are tangent vectors of Ug, we denote 
them by (/if^, ■ ■ ■ , /i^) for convenience. 

According to the proof of Lemma 14. 6[ we know that the restriction map \E'm is a local 
embedding. Therefore the tangent map {'^m)* '■ T^f'U — )■ T^'^IV is an isomorphism, 
for any q' E U and o = "^mW)- Moreover, since is a holomorphic affine map, 
the holomorphic sections (/ii, ■ ■ ■ ,/iiv) := (yuf^, ■ ■ ■ form a holomorphic parallel 

frame for T^'°f/. Under the parallel frames {fii, ■ ■ ■ ,/iiv) and (Ai, ■ ■ ■ , Ajv), there exists 
a nonsingular matrix function A{q') = {aij{q'))i<i<N,i<j<N, such that the tangent map 
{"^m)* is given by 

■■ ,/i7v)(g') = (Ai(o),--- ,A^(o))A(g), with g' G and o = ) G £>. 

Moreover, since (Ai, ■ ■ ■ , Aat) and {fii, ■ ■ ■ ,/iAr) are parallel frames for T^'^W and T^'^U 
respectively and is a holomorphic affine map, the matrix A{q') = A is actually a 
constant nonsingular matrix for all q' G U . In particular, for each q^ G t/, we have 
■ ■ ■ , {^m)*^^N){qk) = (Ai(ofc), ■ ■ ■ ,ANiok))A, where Ofc = ^mfe)- Because the 
tangent map (^f ), : T^-^f/g T^'^l^ is a continuous map, we have that 

(*f),(^f(g),--- = lim(^^„),(/ii(gfc),-- - ,/i7v(gfc)) = hm (AiK),-- - ,A^(ofc))A 

= (Ai(o),--- ,Ajv(o))A, where = and o = *f (g). 

As (Ai(o), ■ ■ ■ , A7v(o)) forms a basis for Ti'V = Hom(Fj^, F^-^/F^) and A IS nonsmgu- 
lar, we can conclude that (^ff)* is an isomorphism from T^'^Ug to Ti'^iy. This shows 
that : ^ ^ if""^'" is a local embedding. □ 

Theorem 4.8. There exists a holomorphic affine structure on ■ Moreover, the holo- 
morphic map \E'^ : — )■ is a holomorphic affine map with respect to this holomorphic 
affine structure on ■ 

Proof. Since \E'^ : — ?■ is a local embedding and dimT^ = A^, thus the same 

J 77\ 771 ' 

arguments as the proof of Lemma 14.61 can be applied to conclude that there exists an 
induced holomorphic affine structure on from the affine structure on via the local 
embedding \E'^. In particular, with respect to this affine structure on 7^, the holomorphic 
map \E'^ is also an affine map. □ 

It is important to note that the flat connections which correspond to the global holo- 
morphic affine structures on T, on Tm or on are in general not compatible with respect 
to the corresponding Hodge metric on them. 

4.3. Injectivity of the period map on the Hodge metric completion space. 

Theorem 4.9. For any m > 3, the holomorphic map : 7^ — > is an injection. 
In particular, the completion space can be embedded into via 

To prove this theorem, we will first prove the following lemma, where we mainly use the 
completeness and the holomorphic affine structure on as well as the affineness of . 

Lemma 4.10. For any two points in T^, there is a straight line in connecting them. 
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We remark that as is a complex affine manifold, we have the notion of straight lines 
in it with respect to the affine structure. 

Proof. Let p be an arbitrary point in 7^, and let S C be the collection of points that 
can be connected to p by straight lines in ■ We need to show that S — ■ 

We first show that S* is a closed set. Let {gj}^^ C S* be a Cauchy sequence with respect 
to the Hodge metric. Then for each i we have the straight line /j connecting p and qi such 
that /j(0) = p, li{Ti) = Qi for some Tj > and Vi :— ^^i(0) a unit vector. We can view 
these straight hues li : [0, Tj] — > as the solutions of the affine geodesic equations 
l"{t) — with initial conditions Vi := ^^i(0) and li{0) = p. It is well-known that solutions 
of these geodesic equations analytically depend on their initial data. 

Let di denote the distance between qi and p, for each i. As {qi}'^i is a Cauchy sequence, 
limi^.oo di = doo for some lioo- Since li is a straight line and Vi is a unit vector, we know 
that di — Ti for each i. Indeed, since = Z^(0) = Vi, we have 



where the norm is the Hodge norm. Thus, as the set {<ii}^i is bounded, the set {Tj}^^ 
is also bounded. Passing to a subsequence, we may therefore assume that {Tj} and {vi} 
converge, with limj^oo^i = ^oo and limj^oo'^^i = Voo, respectively. Let loo{t) be the local 
solution of the affine geodesic equation with initial conditions ^/oo(0) = v^o and Zoo(O) = P- 
We claim that the solution /oo(^) exists for t e [0, Too]. Consider the set 



If £'oo is unbounded above, then the claim clearly holds. Otherwise, we let a^^ — supE'oo, 
and our goal is to show a^o > T^q. Suppose towards a contradiction that a^o < T^o- 
We then define the sequence {a^j^-^ so that ak/Tk = Ooo/Too- We have < Tk and 
limk^^Gk = Ooo- Using the continuous dependence of solutions of the geodesic equation 
on initial data, we conclude that the sequence {lk{ak)}'^=i is a Cauchy sequence. As Tj^ 
is a complete space, the sequence {/fc(afe)}^i converges to some q' e ■ Let us define 
loo{aoo) '■= q'- Then the solution loo{t) exists for t G [O.aoo]- On the other hand, as 
is a smooth manifold, we have that q' is an inner point of 7^. Thus the affine geodesic 
equation has a local solution at q' which extends the geodesic loo- That is, there exists 
e > such that the solution loo{t) exists for t e [0, Ooo + e)- This contradicts the fact that 
Ooo is an upper bound of Eoo. Wc have therefore proven that loo(t) exists for t G [0,Too]. 

Using the continuous dependence of solutions of the affine geodesic equations on the 
initial data again, we get 



This means the limit point goo £ S, and hence jS" is a closed set. 

Let us now show that S is an open set. Let q E S. Then there exists a straight line 
/ connecting p and q. For each point x G / there exists an open neighborhood Ux C 
with diameter 2rx. The collection of {Ux}xei forms an open cover of /. But I is a compact 
set, so there is a finite subcover {UxijfLi of I. Then the straight line I is covered by a 
cylinder in of radius r = minlr^;. : 1 < i < K}. As is a convex set, each 




Eoo '■— : loo{t) exists for t G [0,a)}. 



^00(^00) = lim lk{Tk) = lim g^ = g. 
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point in Cr can be connected to p by a straight line. Therefore we have found an open 
neighborhood Cr of q E S such that C,. C S, which imphes that 5* is an open set. 

As 5" is a non-empty, open and closed subset in the connected space 7^, we conclude 
that 5" = , as we desired. □ 

Proof of Theorem \4.S\ Let p,q E different points. Then Lemma 14.101 implies 

that there is a straight line / C connecting p and q. Since : — ?■ is affine, the 
restriction is a linear map. Suppose towards a contradiction that ^E'ff (p) = ^ff(Q') ^ 
C^. Then the restriction of \E'^ to the straight line / is a constant map as is linear. 
By Lemma 14.71 we know that : — )■ is locally injective. Therefore, we may 
take f/p to be a neighborhood of p in such that : f/p — )■ is injective. However, 
the intersection of Up and / contains infinitely many points, but the restriction of to 
t/p n / is a constant map. This contradicts the fact that when we restrict to Up fl /, 
is an injective map. Thus (p) 7^ ^ff(Q') if P 7^ G T^. □ 

By Lemma 14.51 Theorem 14.91 implies the following corollary. 

Corollary 4.11. The holomorphic map : 7^ — > (1 D is also an injection. 



5. Domain of holomorphy 

In this section, we define the completion space by = , and the extended 
period map $^ by $^ = $^ for any m > 3 after proving that Tj^ doesn't depend on the 
choice of the level structure. Therefore is a complex affine manifold and that $^ is a 
holomorphic injection. We then prove the main result, which is Theorem 15. 3t is the 
completion space of T with respect to the Hodge metric and it is a domain of holomorphy 
in C^. As a direct corollary, we get the global Torelli theorem of the period map from 
the Teichmiiller space to the period domain. 

For any two integers m,m' > 3, let and 2^' be the smooth quasi-projective man- 
ifolds as in Theorem 12.31 and Zj^ and Z^, their completions with respect to the Hodge 
metric. Let 7^ and 7^ be the universal cover spaces of Zj^ and Z^, respectively, then 
we have the following. 

Proposition 5.1. The complete complex manifolds and T^i are biholomorphic to 
each other. 

Proof By defintion, Tm = im(T), Tm' = im'(T) and = <l>f |r„, $m' = ^m'W^i- Because 
$^ and $,^/ are embeddings, Tm — ^^(J~m) and %n' — *^'^(7^)- Since the composition 
maps <l>^ o V = $ and o i^, = $, we get $f (i„(r)) = $(r) = <l>^,(w(r)). 
Since $ and T are both independent of the choice of the level structures, so is the image 
$(T). Then Tm — ^{T^) — Tm' biholomorphically, and they don't depend on the choice 
of the level structures. Moreover, Proposition 14.31 implies that T^ and 7^ are Hodge 
metric completion spaces of Tm and Tm', respectively. Thus the uniqueness of the metric 
completion spaces implies that Tj^ is biholomorphic to 7^. □ 

Proposition 15.11 shows that T^ is independent of the choice of the level m structure, 
and it allows us to give the following definitions. 
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Definition 5.2. We define the complete complex manifold = , the holomorphic 
map iq- : T ^ by i-j- = im, o-nd the extended period map $^ : D by $^ = $^ 

for any m > 3. In particular, with these new notations, we have the commutative diagram 

no 

Z^^Zl^ D/T. 

Theorem 5.3. The complex manifold , which is a complex affine manifold and can 
be embedded into , is the completion space of T with respect to the Hodge metric. 
Moreover, the extended period map $^ : — > (1 D is a holomorphic injection. 

Proof. By the definition of and Theorem I4.8[ it is easy to see that is a complex 
afiine manifold, which can be embedded into C^. It is also not hard to see that the 
injectivity of $^ follows from Corollary 14 . 1 1 1 by the definition of Now we only need 
to show that is the Hodge metric completion space of T. This suffices to prove the 
following lemma. □ 

Lemma 5.4. The map iq- : T ^ is an embedding. 

Proof. On one hand, define To to be To = 7^ for any m > 3, as T^ doesn't depend on 
the choice of level m structure according to the proof of Proposition 15.11 Since To = 
{7T^)~^{Zm), vr^ : To — Z^ is a covering map. Thus the fundamental group of To is 
a subgroup of the fundamental group of Z^, that is, vri(To) ^ T^ii^^m), for any m > 3. 
Moreover, the universal property of the universal covering map Ti^n '■ T ^ Z^ with 
T^m = T^^Wo ° ir implies that ir '■ T — )■ To is also a covering map. 

On the other hand, let {mk}'^^i be a sequence of positive integers such that ruk < ruk+i 
and mfc|mfc+i for each A; > 1. Then there is a natural covering map from Zm^^^ to 
Zm^ for each k. In fact, because each point in Z^^^^ is a polarized Calabi-Yau mani- 
fold with a basis 7„^^^ for the space (if„(M, Z)/Tor)/mfc+i(if„(M, Z)/Tor) and mfc|mfc+i, 
then the basis 7^^^^ induces a basis for the space (if„(M, Z)/Tor)/mfc(i7„(M, Z)/Tor). 
Therefore we get a well-defined map 2™^+! by assigning to a polarized Calabi- 

Yau manifold with the basis 7mfe+i the same polarized Calabi-Yau manifold with the 
basis (7mfc+i(niod m^)) G (if„(M, Z)/Tor)/mfe(_f/'„(M, Z)/Tor). Moreover, using the ver- 
sal properties of both the families ^m^+i ^mfe+i and , we can conclude that 

the map ^mfc+i — ^ is locally biholomorphic. Therefore, ^ms,+i — ^ is actually a 
covering map. Thus the fundamental group Tii^Zm^^^) is a subgroup of 7ri(Zm^) for each 
k. Hence, the inverse system of fundamental groups 

7ri(2mJ ■Ki{Z„,,^) ^ 7ri(ZmJ 

has an inverse limit, which is the fundamental group of T. Because vri(To) ^ '^i{Zrnk) 
any A;, we have the inclusion 7ri(To) ^ 7ri(T). But 7ri(T) is a trivial group since Tis simply 
connected, thus 7ri(To) is also a trivial group. Therefore the covering map iq- : T % is 
a one-to-one covering. This shows that iq- '■ T ^ is an embedding. □ 



Remark 5.5. There is another approach to Lemma [57il which is a proof by contradiction. 
Suppose towards a contradiction that there were two points p 7^ g e T such that zr(p) = 



HODGE METRIC COMPLETION OF THE TEICHMULLER SPACE OF CALABI-YAU MANIFOLDS27 

On one hand, since each point in T represents a polarized and marked Calabi-Yau 
manifold, p and q are actually triples (Mp, Lp, 7p) and (Mg, Lg, 7^) respectively, where 7^ 
and 7g are two bases of if„(M, Z) /Tor. On the one hand, each point in Zm represents 
a triple (M, L,7m) with 7^ a basis of (if„(M, Z) /Tor) /m(if„(M, Z) Tor) for any m > 3. 
By the assumption that irip) = ^{(1) and the relation that i o vr^ = o "^T; we have 
i o 7rm(p) = 2 o TTmiq) G for any m > 3. In particular, for any m > 3, the image of 
(Mp, Lp, 7p) and (M^, Lg, 7^) under tt^ are the same in Zm- This implies that there exists 
a biholomorphic map fpq : Mp — )• Mg such that f*g{Lg) = Lp and fpqijq) = ■jp ■ A, where 
A is an integer matrix satisfying 

(30) A = (Aij) = Id (mod m) for any m > 3. 

Let be the absolute value of the ij-th entry of the matrix (Aij). Since ( |30|) holds for 
any m > 3, we can choose an integer ttlq greater than any \Aij\ such that 

A = {Aij) = Id (mod mo). 

Since each Aij < mg and A = (Aij) = Id (mod mo), we have A = Id. Therefore, we 
found a biholomorphic map fpq : Mp — )■ Mg such that f*q{Lg) = Lp and fpgi'Jq) = 
This implies that the two triples (Mp, Lp, 7p) and (Mg, Lg, 7g) are equivalent to each other. 
Therefore, p and g in T are actually the same point. This contradicts with our assumption 
that p q. 

Since $ = $^ o ij- with both and embeddings, we get the global Torelli theorem 
for the period map from the Teichmiiller space to the period domain as follows. 

Corollary 5.6 (Global Torelli theorem). The period map ^ : T ^ D is injective. 

As another important result of this paper, we prove the following property of T^. 

Theorem 5.7. The completion space is a domain of holomorphy in C^; thus there 
exists a complete Kdhler- Einstein metric on . 

We recall that a function p : f2 — )■ M on a domain i7 C C" is plurisuhharmornic 
if and only if its Levi form is positive definite at each point in VL. Given a domain 
^7 C C", a function / : — t- M is called an exhaustion function if for any c G M, the set 
{2; e f2 1 f{z) < c} is relatively compact in Vt. The following well-known theorem provides 
a definition for domains of holomorphy. For example, one may refer to [6] for details. 

Proposition 5.8. An open set e C" «5 a domain of holomorphy if and only if there 
exists a continuous plurisubharmonic function / : — )■ M such that f is also an exhaustion 
function. 

The following theorem from [4j gives us the basic ingredients to construct a plurisub- 
harmoic exhaustion function on . 

Proposition 5.9. On every manifold D , which is dual to a Kdhler C-space, there exists 
an exhaustion function f : D — M, whose Levi form, restricted to tI^'^{D), is positive 
definite at every point of D . 

We remark that in this proposition, in order to show / is an exhaustion function on D, 
Griffiths and Schmid showed that the set /^^(— 00, c] is compact in D for any c G M. 
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Lemma 5.10. The extended period map $^ : — t- D still satisfies the Griffiths 
transversality. 

Proof. Let us consider T^fif^ and T^'^D as two differential manifolds, and the tangent 
map 

as a continuous map. We only need to show that the image of ($^)* is contained in the 
horizontal tangent bundle T^'^D. 

The horizontal subbundle T^'^D is a close set in T^''^D, so the preimage of T^'^D under 
($^)* is a close set in T^'°T^. On the other hand, because the period map $ satisfies 
the Griffiths transversality, the image of is in the horizontal subbundle T^'°D. This 
means that the preimage of T^' D under ($^)* contains both T^'^T and the closure of 
T^'^T, which is T^fi'Y^ . This finishes the proof. □ 



Proof of Theorem \5. 7[ By Theorem l5.3t we can view the completion space as a domain 



in C^. Hence, in order to show that is a domain of holomorphy in C^, it is enough 
to construct a plurisubharmonic exhaustion function on T^. 

Let / be the exhaustion function on D constructed in Proposition l5.9l whose Levi form, 
when restricted to the horizontal tangent bundle T^'^D of D, is positive definite at each 
point of D. By the Griffiths transversality of the composition function / o $^ : 
— > M is a plurisubharmonic function on . We claim that the composition function 
/ o $^ is the demanded plurisubharmonic exhaustion function on . Thus it suffices 
to show that the function / o $^ is an exhaustion function on T^, and this is enough to 
show that to that for any constant c G M, (/ o <l>^)"-'^(— oo, c] = {^^)^^ {f^^{—oo, c]) is a 
compact set in . 

Indeed, it has already been shown in [?] that the set /^^(— oo, c] is a compact set in D. 
Now for any sequence {pk}'kLi ^ if we have {^^ {pk)}'kLi ^ / ""^(^oo, c]. 

Since /~^(— oo,c] is compact in D, the sequence {^^ {pk)}'kLi has a convergent subse- 
quence. We denote this convergent subsequence by {^^ {Pkn)}'^=i ^ {^^ {Pk)}'kLi "with 
kn < kn+i, and denote limk^oo (Pk) = Ooo £ -D. On the other hand, since the map 
$^ is injective and the Hodge metric on is induced from the Hodge metric on D, 
the extended period map is actually a global isometry onto its image. Therefore the 
sequence {pkn}'^=i is also a Cauchy sequence that converges to ($^)~^(ooo) with respect 
to the Hodge metric in (/ o $^)~^(— cxd, c] C . In this way, we showed that any se- 
quence in (/ o <l>^)"^(— oo, c] has a convergent subsequence. Therefore (/ o ^^)~^[—oo, c] 
is compact in , as was needed to show. 

Because is a domain of holomorphy in C^, the existence of a complete Kahler- 
Einstein metric on follows directly from [2J, which asserts the existence of such metric 
on any pseudo-convex domain. □ 



Appendix A. Two topological lemmas 

In this appendix we first prove the existence of the choice of im and $^ in diagram 
fl28|) such that $ = $^ o i^. Then we show a lemma that relates the fundamental group 
of the moduli space of Calabi-Yau manifolds to that of completion space with respect to 
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the Hodge metric on Z^^. The arguments only use elementary topology and the results 
may be well-known. We include their proofs here for the sake of completeness. 

Lemma A.l. There exists a suitable choice of i^ and such that o = 

Proof. Recall the following commutative diagram: 

H 



no 



Zm^Z^^ D/V. 

Fix a reference point p E T. The relations ioTim = o i^ and ° '^m = """-D ° imply 
that ttd o o = o i o TT^ = o tt^. Therefore o is a lifting map of . 
On the other hand $ : T — > -D is also a lifting of ^Zm- order to make o i^ — 
one only needs to choose the suitable i^ and such that these two maps agree on the 
reference point, i.e. $^ o im{p) = 

For an arbitrary choice of i„i, we have im{p) G and Ti^{im{p)) = i{'ri„i{p)). Con- 
sidering the point im{p) as a reference point in 7^, we can choose ^^{im{p)) to be any 
point from 7rj3^($f^(i(7r^(p)))) = 7r^^(^'2^(7r^(p))). Moreover the relation 7rD($(p)) = 
^Zmi'^mip)) implies that e Therefore we can choose such 

that = With this choice, we have o = □ 

Lemma A. 2. Let 7ri{Zm) and Tri{Z^) be the fundamental groups of Z^ and Z^ respec- 
tively, and suppose the group morphism 

is induced by the inclusion i : Z^ — >■ Z^. Then is surjective. 

Proof First notice that Z^ and Z^ are both smooth manifolds, and Z^n C Z^ is open. 
Thus for each point q G Z^ \ Z^ there is a disc Dq C Z^ with q & Dq. Then the union 
of these discs 

U 

qeZH\Zm 

forms a manifold with open cover {Dg : q & UqDg}. Because both Z^ and Z^ are second 

00 

countable spaces, there is a countable subcover {Di}°Zi such that Z^ = Zm U |J Di, 

1=1 

where the Di are open discs in Z^ for each i. Therefore, we have 7ri(Dj) = for all i > 1. 

k 

Letting Zm,k = U (J A, we get 

i=l 

T^i{Zm,k) * T^i{Dk+i) = 7ri(Z„,fc) = 7ri(Z„,fc_i U Dk), for any k. 

We know that codimc(.Z^\Zm) > 1. Therefore since Dkj^i\Zm,k ^ -Dfc+i\>Z^, we have 
codimc[i?fc+i\(£)fe+i\2^rn,fe)] > 1 for any k. As a consequence we can conclude that 
Zm,k is path-conncctcd. Hence we can apply the Van Kampen Theorem on Xk = -D^+i U 
2^m,k to conclude that for every k, the following group homomorphism is surjective: 

7ri(2^m,fe) = 7ri(2^m,fe) * 7ri(-Dfe+i) 7^l{Zm^k U -Dfe+l) = T^l{Zm,k+l)- 
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Thus we get the directed system: 

By taking the direct hmit of this directed system, we get the surjectivity of the group 
homomorphism TTi{Zm) — )■ tti{Z^). □ 
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